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Greetings from the Editor

Welcome to the special Orientation Edition (very limited! very collectible!) of Paradox.
As you may or may not know, Paradox is the magazine of the Melbourne University
Mathematics and Statistic Society (MUMS). Unlike most other magazines we do not use
pictures of women intently staring at you to catch your attention, where the simple joy
of mathematics would more than suffice (OK so this is a shameless lie but at least maths
doesn’t stare). We try to make each issue as entertaining as possible while at the same
time thought-provoking. Hence there will be comics, jokes, puzzles, problems and not least
of all paradoxes, some of which could earn you up to $20 for being the first to submit a
correct solution. We would also like to have more contributors. Anyone interested can
contact us at paradox@ms.unimelb.edu.au. Suggestions, submissions and complaints can
also be forwarded to the above address or the MUMS pigeon-hole next to the Maths and
Stats Office in the Richard Berry building.

— Jian He, Paradox Editor

A Word from the Head of Department

Welcome!

A few more words for the newcomers:

It’s all a bit different from what you have experienced at school: huge class sizes, rapid
pace, and a mix of the old and familiar with totally new things that may seem quite difficult
at first. If you put in enough time and effort, you will find our subjects accessible and
fulfilling, but there are some tricks you need to know.

1. Your lecturers are actually quite nice people who are delighted to help you. They
should announce office hours during which they are “at home” for students to drop in
and talk about their mathematics problems, and not enough students take advantage
of this.

2. There’s lots of individual and group help available through the First-year Learning
Centre. If you haven’t found it yet, just look for the “Purple Peril” ceiling decoration
on the ground floor at the main corridor intersection.

3. You don’t “learn” much in lectures, but then again, that’s not what lectures are
for. Lectures are to guide you towards your own learning: it is working through the
lecture material in your own time, puzzling over the problem sheets or assignments,
chatting with fellow students outside class, attending and participating in small group
tutorials, and so on, that really turns seeing and hearing the material into knowing
and understanding the material. But don’t skip lectures, or think that lectures are
just about copying stuff down from the board or the screen. Listen to the words and
try to soak in the basic ideas as you go. Then get busy and do your bit!
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A few more words for the veterans:

You won’t be seeing too many changes, except for the relocation of our computer
laboratories from the Alice Hoy Laboratory to the Richard Berry Building, near the student
photocopy machines, and the relocation of the Note Room from G53 (opposite the vending
machines) to G65 (around the corner from the vending machines). But there have been a
few changes that you won’t notice, including big changes in first year subjects.

A few last words:

There’ll be plenty of advice around later in the year about career prospects, subject
choice, and a whole lot more. There’ll even be fun, games and the ritual public humiliation
of senior staff (it’s called the Maths Olympics, in semester two). And there are lots of other
good things associated with the Melbourne University Mathematics and Statistics Society
(like this magazine and the Friday afternoon seminars about interesting things), so do join
in.

I'm looking forward to a great year, and hope you enjoy it as much as I plan to.

— Barry Hughes, Associate Professor and Head of Department

Chaitanya says ... a message from the president

Greetings, and a special welcome to those reading Paradox for the first time. For
those of you who haven’t heard of MUMS before, our job is to encourage your interests in
maths and stats. Membership is automatic once you are a student in this department, and
anyone else interested is welcome to join. The committee works hard to organise a range
of activities, which we hope you find entertaining or thought-provoking.

Paradox is one such fine example. Paradox has advanced over recent times to become
a must-read for anyone fascinated by the beauty (and jokes!) that the mathematical world
has to offer. I encourage you to have a go at the problems and puzzles given, and even to
contribute to future issues!

So what else does MUMS have in store for this year? We will continue to run our
regular seminars on Friday afternoons, followed by free refreshments. Given by students,
staff and visitors, we aim to cover a wide range of topics so that at least some should appeal
to most undergraduate and postgraduate students. They also give you ideas of some of
the research interests in the maths and stats department.

But as usual, our major activity for the year will be the popular Maths Olympics. Held
in second semester, teams of school and university students and staff will compete for 45
frantic minutes solving maths questions and running around Theatre A. Some sick people
in the past began training for it up to six months in advance! More details next semester.

We also plan to stage another trivia competition and social functions for undergraduate
and postgraduate students. For news on upcoming events, visit our web page

http://baasil.humbug.org.au/Mums



Paradox Issue 1, 1999 Page 3

or our notice board in the First Year Learning Centre. If you would like to be involved in
our committee, come along to our Annual General Meeting in late March. Please feel free
to contact us during the year for suggestions and feedback on what we do!

— Chaitanya Rao, MUMS President  kumar@ms.unimelb.edu.au

Maths and stats chess team

This year, MUMS would like to enter a team into the Winter Interclub Chess tourna-
ment. While winter sounds like it’s a long way off, it’s never too early to start training, so
anyone who would be interested in playing should contact Jeremy at jglick@ecr.mu.oz.au,
or come and find him slouched over a chess board in GO08.

Send donations now!

No big effort is required, just 10c will do, but first, read the following proof ...

$1 = 100c
= (10c)?
= ($.1)?
= $0.01
= lec

The least interesting proof

Proof: All positive integers are interesting.

Assume the opposite. That means there is some lowest non-interesting integer. This
makes it interesting. Hence we arrive at a contradiction. Therefore, all positive integers
are interesting.

Response: All positive integers are boring.
Assume the opposite. That means there is some lowest non-boring integer. Who cares?

One last song

N, bottles of beer on the wall,

Ny bottles of beer,

if one of those bottles should accidentally fall,
There’d be Ry bottles of beer on the wall!
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2" — 1: Discursions

The sequence {M; = 1; M, = 2" — 1,n > 1}, which begins 1,3,7,15,31,63, ..., has
a long history in tales of mathematics. One example is the legend about the inventor of
chess. The story goes that the ruler of Persia so liked the game that he asked the inventor
to name a reward. The reply was to ask to have one grain of wheat for the first square of
the board, two grains for the second square, four for the third, eight for the fourth and so
on, doubling at each square, until the inventor had been rewarded for all sixty-four squares.
The ruler’s beancounters, however, would have been less than impressed with this greedy
mathematician when they tallied up the total amount of wheat required: the total after p
squares is precisely M,, and M4 grains is enough to give every person alive today more
than a billion grains of wheat!

The terms of the sequence {M,} are now called the Mersenne numbers in honour
of the seventeenth century French friar, great proponent of science and disseminator of
mathematics, Marin Mersenne. He came to them via another set of numbers, the perfect
numbers. A number is perfect if the sum of its divisors is exactly twice the number itself.
For example, 6 is perfect since 1+2+3+6 = 12, as is 28 since 14+24+4+7+14+28 = 56. In
other words a perfect number is equal to the sum of all its divisors not including itself. Over
two thousand years ago Euclid had proved that if M,, = 2" — 1 is prime, then 2"71(2" — 1)
is perfect. This result actually gives all the even perfect numbers. It is suspected but still
not proven that there are no odd ones.

By the time Mersenne was writing about perfect numbers, it was known that M, was
not prime unless n itself was. The first four primes n=2, 3, 5, and 7 give the first four
perfect numbers 6, 28, 16 x 31 and 64 x 127. Note, however, that the next prime n = 11,
gives M, = 2 — 1 = 2047 = 23 x 89, so prime n does not guarantee prime M,. It was
also known that n = 13,17 and 19 gave prime M,,. Mersenne declared that for n < 257,
the perfect numbers (i.e. those 2”1 times a prime M,,) were given by

n=23,57113,17,19,31,67,127,257

There was no proof attached to this declaration, but recently a rule Mersenne may have
used has been reconstructed from his later writings!. Mersenne’s list is in error since, for
n=67 and 257, M,, is composite and so 2! M, not perfect, whilst for n=61, 89 and 107
M, is prime.

Nonetheless, correct prime M,, (called Mersenne primes) are still much sought after in
the hunt for large prime numbers. By 1771 Euler had confirmed that indeed the eighth
number on Mersenne’s list by showing that Mz, was prime. This remained the largest
number known to be prime until 1851. Mersenne primes regained the ascendancy in the
1870’s with the work of the French mathematician Edouard Lucas on Mio7. Apart from
two brief periods in the computer age, the largest known prime has been a Mersenne prime
ever since (currently 23921377 — 1 verified in 1998).

In 1876, Lucas published a note containing results from which he thought had proven
My = 2127 — 1 was prime?. The stated method involved the sequence of Fibonacci
numbers {F} = 1,F, = 1;F, = F, 1 + F, o,n > 2} that begins 1,1,2,3,5,8,13,.. .,
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and showing, amongst other things, that Mjs7; divides Fyi27 Incidentally, that Leonardo
of Pisa (Fibonacci) is known around the globe today is due largely to Lucas, who affixed
the name to the sequence of numbers studied by Fibonacci many centuries earlier in the
‘rabbit multiplication’ problem. In a later paper, Lucas gave a different method that was
based upon showing that Mo7 divided Lgi26, where L, is a sequence now called the Lucas
numbers {Ly = 1,Ly = 3;L, = L,_1 + L,_2,n > 2}. Lucas found a recurrence for these
numbers,
Ly =3; Los1 = L3, — 2,k > 1

from which he could find Loi2s. Instead of that, however, Lucas described an ingenious
method for doing both steps at once, i.e. finding not just Lsi2é but its remainder when
divided by Mjse7: he constructed a 127 x 127 chessboard, used modular arithmetic (mod
M97) via binary notation with pawns as ones and empty squares as zeros and iterated the
recurrence k = 125. Without computers, this would have taken some days, and Lucas said
he only did it once. In his later writings, he then wasn’t always sure that he had proved
Mio7 was prime. His method works, however, so he is usually credited with the discovery.

Over the following few years Lucas generalised his prime number tests. His ideas,
particularly concerning Mersenne primes, have influenced much prime testing since. In
particular, Lucas established a successful rule that could determine whether certain num-
bers were prime. This approach could sometimes replace the tedious method of dividing
a number by all primes less than its square root (which in addition required a list of
primes).

So Francois Edouard Anatole Lucas (1842-
1891) was more than just the man who dis-
covered the largest number known to be prime
before the advent of the computer. Born in
Amiens, he graduated in mathematics from
the prestigious Ecole normale in 1864 hav-
ing passed the competitive exam for admis-
sion to the teaching staff of the lycées (high
schools). Instead, though, he went to work
at the Paris Observatory as an assistant. He
left there to become an artillery officer in the
Franco-Prussian war in 1870-1. After that he
taught higher mathematics at various lycées,
notably at Paris St. Louis (1879-1890). His
unfortunate demise came after an incident
in Marseilles during a meeting of the French
Association for the Advancement of Science.
After a dinner, a pile of earthenware plates
fell, a fragment of one gashing Lucas in the cheek. He died in Paris a few days later of the
blood disease erysipelas®.

Lucas wrote papers in many subjects and was an active member of learned societies.
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His main interest was in number theory. Lucas is perhaps more widely known, however,
for his work on games and recreational mathematics, of which the four-volume collection
Récréations Mathématiques is still relatively easy to find*. In this area, Lucas is most of
all associated with the Tower of Hanoi puzzle. This provides the last tales about 2" — 1
here. The Tower of Hanoi puzzle comprises a tower of eight disks stacked on one of three
pegs (see illustration). The largest disk is at the bottom, with others strictly decreasing in
size as you go up the tower. The aim of the game is to transfer the entire tower to another
peg without ever placing a larger disk on top of a smaller one. Usually a secondary aim is
to transfer the tower in the minimum number of moves possible.

One way to solve this problem is to forget about eight disks and look first at smaller
numbers. The puzzle is trivial with one disk, since one move will do. Three moves are
required with two disks, since the larger disk must end up at the bottom. A little work
shows that seven moves are required for three disks. This is achieved by moving the two
smaller disks onto one peg, moving the largest disk to the destination (either non-starting
peg can be the destination), then transferring the smaller two on to it. Let M, (surprise!)
denote the minimum number of moves required to move a tower of n disks. Then M; =1,
M2 - 3, M3 =T.

The method used for three disks gives a general solution to the problem of n disks: first
move all but the largest disk on to one peg (requiring M,,_; moves), then move the largest
disk to the destination (one move) before finally transferring the (n — 1)-disk tower back
on to the largest disk (again requiring M,,_; moves). Thus M, < 2M,_; + 1 since it is
possible to transfer an n-disk tower in 2M,,_; + 1 moves. But because the largest disk has
to be moved at least once, and when it is moved, the other (n — 1) must form a tower on
one peg, transferring an n-disk tower requires at least 2M,,_1; + 1 moves. So the solution
for the minimum number of moves possible is

M, =1, M,=2M, 1+1,n>1

and, yes, they are the Mersenne numbers again. To see this, add one to both sides of the
recurrence equations and relabel by N,, = M, + 1, giving {N; = 2; N,, = 2N,,_1,n > 1}
from which N,, = 2" so M,, = 2" — 1. Solving the original puzzle, 255 moves are required
to move a tower of eight disks when there are three pegs.

It is perhaps surprising that the origin of the Tower of Hanoi puzzle is still debated.
Lucas marketed it from 1883 as ‘The authentic brain-teaser of the Annamites, a game
brought back from Tonkin by Prof. N. Claus of Siam, Mandarin of the College of Li-
Sou-Tsian’™. There are two anagrams in the French: Lucas was born in Amiens, so “N.
Claus d’Amiens” is Lucas; meanwhile “Li-Sou-Tsian” is an anagram for Saint Louis. The
exoticisms and in-jokes continue in the instructions, which start ‘This game was found,
for the first time, in the writings of the illustrious Mandarin FER-FER-TAM-TAM, which
are to be published sooner or later, by order of the government of China.’® Lucas regarded
Fermat as ‘one of the greatest geniuses of mankind’ and was on the commission for the
publication of Fermat’s works’. From these, it seems unlikely that anyone other than Lucas
came up with the puzzle. There is one persistent legend concerning the origin of the Tower
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of Hanoi, which is detailed below. In Récréations Mathématiques, however, Lucas wrote
that the legend and the puzzle itself had both been thought up recently in Paris, and at
the same time that (his nephew) Raoul Olive was the nephew of the inventor®.

The legend? One version of the story is that under the dome of the great temple at
Benares (in India), there are three needles fixed in a brass plate. The Creator placed a sixty-
four disk tower on one of these needles at the Creation. Priests transfer disks according to
the sacred rules, and when all sixty-four disks have been transferred to another needle, the
Tower and Brahmins will fall and the world come to an end”. Thus the puzzle is sometimes
known as the Tower of Brahma or the End of the World puzzle. Now a sixty-four disc tower
requires Mg, = 2% — 1 > 10" moves before it is reassembled on another peg. One move
each second (and no mistakes) would see the task completed in more than 500 billion years,
whatever that means. Returning to the grains of wheat (also Mg,), our greedy inventor of
chess will be waiting a very long time for their reward to be counted!

NOTES

1. Drake, S. The rule behind Mersenne’s numbers. Physics-Riv. Internaz. Storia Sci.
13:421-424 (1971) quoted in Williams, H.C., Edouard Lucas and primality testing,
Canadian Mathematical Society series of monographs and advanced texts vol. 22,
Wiley-Interscience, New York (1998).

2. Information from this section was taken from Williams op. cit. rather than Lucas’
original papers. Satisfactory proofs of some results in this 1876 paper did not come
for some decades, but the results did in the end turn out to be correct. Why Lucas
chose to investigate Mi97 is uncertain; it seems he was unware of Mersenne’s list at
that time.

3. One-page biographies of Lucas abound. One is Campell, P. J., Lucas’ solution to
the non-attacking rooks problem, J. Rec. Math., 9(3):195-200 (1976-77), another by
Gridgeman, N.T., on p. 1624 of Biographical dictionary of Mathematicians: reference
biographies from the Dictionary of Scientific biography, Scriber, New York (1991).
Obituary: Nature 44:574 (1891).

4. Lucas, E. Récréations Mathématiques, Gauthier-Villars, Paris Vol. 1 (1891, 2™¢ Ed.)
Vol. 2 (1896, 2" Ed.) Vol. 3 (1893) Vol. 4 (1894). Lucas wrote the first two volumes:
the latter two were compiled from the papers left at his death by his editors Delannoy;,
Laisant and Lemoine. Andrew would be interested if anyone finds the university copy,
particularly the first volume, which is catalogued as a first edition (1882).

5. From the box cover of the Tower of Hanoi puzzle (1883), shown at http://www.cs.
wm.edu/"pkstoc/toh.html. This translation is from there also.

Continued page 10
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From page 7

6.
7.

ibid.

Lucas, op. cit. Vol. 1 p. v. Fermat’s Oeurves were published in four volumes, the first
time in 1891, 1894 and 1896, the last in 1912.

From de Parville’s account as translated in Ball, W.W.R., Mathematical recreations
and problems, Macmillan, London (1892) p. 79, also appearing in Northrop, E.P.,
Riddles in mathematics, Penguin; Harmondsworth (1960), which has several sections
on 2" — 1 problems. Similar versions can be found on the original Tower of Hanoi
instructions; in Lucas, op. cit., Vol. 3 p. 58, and also in many computer science texts
and web-pages about algorithms.

PROBLEMS

. Looked at one way, the sequence of Lucas numbers is the first different sequence given

by a Fibonacci-type recurrence (look at Wy =1, Wy =2 W, =W, + W, _o,n > 2
and see what happens).

Show that for all positive integers n, F,, divides Fb,, where F}, is the n'* term of the
Fibonacci sequence {F} = 1, Fy = 1, F,, = F,_1 + fu_2,n > 2}. From this give an
alternative representation of the Lucas numbers.

There are many variations of the Tower of Hanoi puzzle. One of these is to increase
the number of pegs. Find an upper bound for the number of moves necessary to
transfer a nine-disk tower when there are four pegs. Lowest upper bound submitted
wins the money. (Hint: it is much less than 511, the number of moves required
with three pegs). Extra prize for a non-exhaustive proof that yours is the minimum
number of moves required.

— Andrew Oppenheim

Coming up ...

MUMS is continuing its program of events in 1999, with the first major gathering being
the upcoming AGM. Many positions will be up for grabs, so interested maths and stats
students of all levels will be able to get involved in the group. Events of a more social
nature will begin soon afterwards, so keep looking at noticeboards around Richard Berry
for updates.
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It disappears in a puff of logic ...

Here is a trite logic puzzle that you have no doubt heard before, with an extra twist.

On a small island in the Pacific Ocean, the inhabitants see each other at least once a
day, however, the island is mirrorless, and they cannot see themselves. Each inhabitant has
either blue or brown eyes. If someone knows that they have blue eyes, then they will leave
the island during the night following their discovery. Everyone is living happily, (no-one
knows the colour of their own eyes), until a stranger comes to the island and announces:
“At least one person has blue eyes”.

1. Show that if there are n people with blue eyes, then they will all leave on the nt*
night.

2. If there were, say 10 people with blue eyes, then everyone on the island knew that
at least one person had blue eyes, and further they knew that everyone else knew
that at least one person had blue eyes, so what new information was offered by the
stranger that catalysed the exodus?

Before you complain — remember last edition’s jokes!

(): Have you heard the one about the statistician?
A: Probably ...

A mathematician is showing a new proof he came up with to a large group of peers.
After he’s gone through most of it, one of the mathematicians says, “Wait! That’s not
true. I have a counter-example!” He replies, “That’s okay. I have two proofs.”

Desmond Lun, former layout editor, before he left for Berkeley, was overheard in the
corridor . ..

“Yeah, I used to think it was just recreational ... then I started doin’ it during the
week ... you know, simple stuff: differentiation, kinematics. Then I got into integration
by parts ... I started doin’ it every night: path integrals, holomorphic functions. Now I'm
on diophantine equations and sinking deeper into transfinite analysis. Don’t let them tell
you it’s just recreational. Just say {}. Fortunately, I can quit any time I want.”

Easy money

The following are some problems for prize-money. The person who submits the best
(i.e. clearest and most elegant) solution to each problem will be awarded the sum of money
indicated beside the problem number, and will have their solution published in the next
edition of Paradox. Solutions may be e-mailed to paradox@ms.unimelb.edu.au. (IXTEX
format would be appreciated though not demanded.) If you do not have access to e-mail
then drop in a hard copy of your solution to the MUMS pigeon-hole near the Maths and
Stats Office in the Richard Berry building.
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1. ($10) Let p be a prime greater than 3. Prove that

P’|(2p)! = 2(p'p!)
where x|y means that x divides y.

2. ($15) Let f(x) and g(z) be the non-zero polynomials:
f2) = ana™ + apaz" " 4+ ag

9(z) = 2™ + 2"+t
and let g(z) = (x + ) f(x) for some real r.

If A =max{l|agl,|a1],...,|as|} and C' = max{|col,|c1|, ..., |cns1|}, prove that A/C <
n+ 1.

3. ($10) Let P be a point inside a triangle ABC'. Let x,y, z be the distances from P
to the sides BC,C'A, AB of the triangle, and let the lengths of those sides be a, b, ¢
respectively. let R be the circumradius of ABC'. Show that:

2 b2 2
\/E—F\/@—I—\/ESU%.

4. ($10) Find a (closed-form) formula for the value of:
- i (n+i
()

in terms of n.

5. ($5) Using Euler’s constant e, and the symbols for addition, subtraction, multipli-
cation, division, square root, parentheses and “round down”, express the integers 1
through 15. The round down function, indicated by || returns the largest integer
less than the amount enclosed between the brackets. For example, |5.42] = 5. 1 can
be written as e/e, or in a number of other ways. Preference will go to the answer
which uses the fewest ‘e’s.

Paradox from the past

Years ago, long before many of us had integrated our first polynomial, the Melbourne
University Mathematical Society published a magazine called Matrix, a predecessor to
Paradox. In those days, before computers were as commonplace as they are now, articles
were laboriously typeset, and editions were released once a year. In the next few editions
of Paradox, we will be reprinting articles from Matrix, preferably those written by current
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Melbourne University staff members. We hope that by including these articles we can help
recreate the enthusiasm and optimism that was prevalent then (so much so that in the
1964 edition of Matrix, J. W. Craggs wrote an article commenting that there were too
many jobs for mathematicians, and not enough graduates!).

The following article was written by Dr. Frank Barrington, as a nineteen year old, and
appeared in the 1963 edition of Matrix. Aside from a few typesetting errors, the article is
enjoyable to read, and shows some straightforward but interesting results.

For those of you interested in reading more articles of this nature, Dr. Barrington has
generously handed over his old editions of Matrix to the maths library, and they can be
found there. If any readers have any other old copies of Matrix, we would love to get our
hands on them, as at the moment we have only four editions available.

Platonic solids

In most modern geometry courses, the study of solids and figures is neglected, although
the principles behind such a study are relatively simple. Perhaps it is too old to merit
much enthusiasm in the face of the modern need for powerful mathematical techniques
yet, in itself, the investigation of solid bodies is an interesting and stimulating byway:.

The following discussion is concerned with
regular convex polyhedra, more commonly
called Platonic solids. A polyhedron may
be defined as a solid figure bounded by por-
tions of planes, called faces. (We restrict
the number of planes to be finite.) A poly-
hedron is convex if the whole figure lies on
one side of each of these planes. Further, it
is regular if each of face is a regular poly-
gon, a regular n-gon, say, the same number
of faces coming together at each vertex. We
shall now look at the existence of these reg-
ular convex polyhedra, and determine their
number.

One useful and convenient way of study-
ing polyhedra is by means of a perspective
drawing, made by viewing a polyhedron from
just outside just outside the centre of one of its faces. (This is sometimes referred to as
a Schlegel diagram.) The polyhedron itself must be imagined, of course, as a transparent
"match-stick” model, the matches corresponding to the edges, which are the intersections
of the faces of the polyhedron. Examples of such drawings are shown in figure 1, for the
cases of the cube and regular octahedron.

For any polyhedron, denote the number of vertices by v, the number of edges by e, and
the number of faces by f. Owing to the fact that convex polyhedra may be represented by
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plane diagrams, we may deduce the simple relation
v+ f—e=2

attributed to Euler. This holds not only for perspective diagrams like the above, but for
any simple plane “map”, consisting of points, with lines between these points, dividing the
plane into regions which do not overlap. (Here, “regions” and “faces” are equivalent. In
the case of the Schlegel diagram, the part of the plane outside the boundary of the diagram
corresponds to the face through which the figure is viewed.)

The validity of the formula may be seen by constructing such a map, starting with
a single point (v = 1, e = 0, f = 1, the only face being the whole plane excluding the
single point) and adding edges one at a time. Initially v + f — e = 2, and any step in the
construction of the map consists of either

1. a new edge joining an old vertex to a new one, or

2. a new edge joining two old vertices. (See figure 2.)

In the first case, the number of edges is increased by one, as is the number of vertices,
and the number of faces remains the same; so v + f — e is unchanged. In the second case,
e and f are increased by one but v remains the same; so again, v + f — e is unchanged.

We now return to the regular polyhedron. Sup-
pose each face has s edges, and suppose that ¢t of
these faces meet at each vertex. A polygon has at -
least three sides, so s > 3. Also at least three faces -~
must meet at each vertex for the vertex to exist, so
t > 3. The numbers s and ¢ characterise the poly-
hedron; we shall see what these restrictions, together |«
with Euler’s formula, imply. N

Each face has s edges, and therefore the f faces
have fs edges in all. But each edge is common to
two faces, so each edge has been counted twice. Thus

fs=2e
By a similar argument for the vertices,
vt = 2e

Multiplying Euler’s formula (1) by 2¢, 2vt + 2ft — 2et = 4¢, and thus f(2s + 2t — st) = 4t
from (2) and (3).

Now f >0, and t > 0, so 2s + 2t — st > 0. Hence st —2s —2t < 0. So (s —2)(t —2) =
st —2t —2s +4 < 4.

Now s > 3 and t > 3, so that (s —2) > 1 and (¢t — 2) > 1. Whence (s — 2) and (t — 2)
are positive whole numbers whose products are less than 4. The only possible products
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are 1 x 1,1 x 2,2 x 1,1 x 3,3 x 1, giving five pairs of values for s and ¢. The results of
these manipulations are shown in the following table:

t f e w

3 4 6 4 Tetrahedron

3 6 12 8 Cube

4 8 12 6  Octahedron

3 12 30 20 Dodecahedron

5 20 30 12 Icosahedron

Many of the properties of Platonic solids are elucidated by the above table. Note
that interchanging s and ¢ always interchanges v and f. Geometrically, if the centres of
each face of one of these solids are taken as the vertices of another polyhedron, the edges
of the latter are the joins of the centres of neighbouring faces, so that each new vertex
by construction lies on one old face and each new face cuts off one of the old vertices.
However, e is unchanged. From the table this interchange can be made with the cube and
the octahedron and with the dodecahedron and the icosahedron. Such a pair of polyhedra
are said to be reciprocal. This property can also be seen from the symmetry of s and ¢ in
the above relations.

Thus there are at most five regular convex polyhe-
dra. Nothing has yet been said about their existence

but methods for their construction using nets as in /\/\ /\ /\//\
figure 3, are generally well known and will not be \/\/\/vv

W Ut Wk Wwn

discussed here.

Historically the Platonic solids were so named af-
ter Plato, who suggested that they symbolised the four “elements”: earth, fire, air and
water; the fifth, the dodecahedron, being a form characteristic of the whole universe. In
more recent times our knowledge of polyhedral figures has been of benefit in areas such as
quantum mechanics and group theory.

— Frank Barrington, 1963

Solutions to last issue’s problems

Last edition we put in as many problems as we could to keep you occupied during the
summer. We don’t have space to include solutions to all of them, but we’ve put solutions
to a selection. If anyone is interested in the solution to a problem that is not included here,
come and see one of the editorial team, and we’ll give you a clue.

Problem 1. In the future, we expect that Paradox will be accepted as legal tender, so each
copy will need to be individually numbered. As such, each copy will receive a six-digit
number. However, legislation requires that each number differ from all others in at least
two places (i.e. 123456 and 123457 could not both be used, but 123456 and 234567 could).
What is the maximum number of Paradoxes that could be printed, and why?
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Solution:

We can split a six digit number into two parts: the first five digits, and the final digit.
For two numbers to be valid, they must differ by at least one out of the first five digits
(because they can differ by at most one out of the final digit!). Therefore, there is an upper
limit of 10° different valid numbers. Further, it is possible to construct a set of 10° six digit
numbers that differ in at least two places. To do this, we have the first five digits being
the numbers from 00000 to 99999 (10° in all) and the sixth digit we make the sum of the
previous five, modulo 10. To see that this is valid, we note that if the first five differ by
two or more digits, then the numbers are valid, and if they differ by only one, then the sum
modulo 10 of their digits must necessarily be a different number. Hence, the maximum
number of copies we could print would be 10°.

Problem 2. An arbitrary number of dodgem car drivers begin randomly placed around a
circular rail. They all start with the same speed, however each driver randomly chooses
to start going either clockwise or anticlockwise. After each collision each driver reverses
direction without loss of speed (i.e. they bounce off each other). Prove that at some later
time each of the cars will occupy their initial positions.

Solution:
We make the following observations:

1. The speeds of the cars don’t change when they collide, so effectively it’s as if they
pass through each other but the drivers are swapped. Hence after a certain time t,
the time it takes for a car to complete one circuit, there will be a car at each of the
initial positions (but of course the drivers might be different).
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2. The relative positions of the cars don’t change as they bounce off each other. There-
fore the cars can only be rotated around after time ¢, so after time nt, where n is the
number of cars, all the cars will be back at their initial positions.

Thank you

We would like to thank the following people for helping us put together this issue:
Kirsten Raynor, Andrew Oppenheim, Chaitanya Rao, Dr. Frank Barrington, Professor
Derek Chan, Associate Professor Barry Hughes, Koula Courtot, Russell Sloan, Portia
Neydorff, Anthony Wirth, John Dethridge, and a special thanks to Desmond Lun.

The world’s shortest poem
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